Abstract. We present the notion of asymptotically large depth for a metric space which is (a priory) weaker than having subexponential asymptotic dimension growth and (a priory) stronger than property A.
Introduction
In [Gro93] Gromov introduced the notion of finite asymptotic dimension to study infinite groups. This notion gained more popularity when in [Yu98] Yu showed that groups with finite asymptotic dimension satisfy the Novikov conjuncture. Later, in [Yu00] , Yu defined a weaker notion called property A (which can be viewed as a non equivariant notion of amenability) and proved that groups with property A also satisfy the Novikov conjuncture. It has been shown that finite asymptotic dimension imply property A (see for instance [Wil09] [Theorem 1.2.4]) and that there are groups with infinite asymptotic dimension for which property A holds (see for instance [Dra06] [section 4] to see that for the restricted wreath product, Z≀Z, the asymptotic dimension is infinite and property A holds). Also, in [Dra06] the notion of polynomial asymptotic growth was discussed and it was shown that polynomial asymptotic growth implies property A. Later, in [Oza12] , it was shown that subexponential asymptotic growth implies property A. In this article, we shall introduce another notion that we name asymptotically large depth. We'll show having asymptotically large depth implies property A and is implied by than having subexponential asymptotic growth (thus providing another proof to the fact that subexponential asymptotic growth implies property A). We have no new examples of using this notion so far, but it is our hope that using this notion of asymptotically large depth will open a new way of proving property A for finitely generated groups.
Structure of this paper: In section 2, we recall basic definitions regarding property A, give a first definition of asymptotically large depth and show that it implies property A for discrete metric spaces of bounded geometry. In section 3, we prove equivalent definitions for asymptotically large depth that are maybe more intuitive. In section 4, we show that subexponential asymptotic growth implies asymptotically large depth. In section 5, we recall some definitions regarding quasi-isometry and show that asymptotically large depth is a quasiisometric invariant.
2 Asymptotically large depth -first definition and property A
Property A
Let us start by recalling some basic definition regarding discrete metric spaces:
A discrete metric space X is said to have bounded geometry if
Remark 2.2. The motivating example of discrete metric spaces with bounded geometry is X = Γ a finitely generated group with the word metric with respect to some finite generating set S.
Property A was defined in [Yu00] for general discrete metric spaces. We shall focus our attention on discrete metric spaces of bounded geometry and therefore we shall not state the original definition here, but only an equivalent definition for discrete metric spaces of bounded geometry (the equivalence to the original definition is proven in [HR00] 
Definition 2.3. Let (X, d) be a discrete metric space with bounded geometry. X has property A if there is a family of functions {a x k ∈ l 1 (X)} x∈X such that the following holds (we denote the norm of l 1 (X) by . ):
1. For every k there is S k > 0 such that for every x, a x k is supported on B(x, S k ).
2. For every R > 0 we have that
Asymptotically large depth and connection to property
Given a metric space (X, d) and U a cover of X. Recall that U is called uniformly bounded if there is S U > 0, such that ∀U ∈ U, diam(U ) < S U . For x ∈ X will define m U (x) to be the multiplicity of U at x, i.e.,:
Definition 2.4. Let (X, d) be a metric space. We shall say that X has asymptotically large depth if it has a sequence of covers {U k } k∈N , such that:
1. For each k, U k is uniformly bounded and locally finite.
2. There is ε > 0 and a function f : N → R + with lim f (k) = ∞ such that for every k,
Remark 2.5. In the case in which X is bounded and
This definition takes care of the trivial case in which X is bounded.
Remark 2.6. The motivation behind the above definition comes from the frequent use of the distance d(x, X \ U ) in proofs of properties that imply property A. For example, one can see d(x, X \U ) appearing in the proof that finite asymptotic dimension implies property A in [Wil09] [proposition 2.2.6] or in the proof that subexponential asymptotic dimension growth implies property A in [Oza12] ). The main theme of such proofs is that if one can find a sequence of covers such that each point x is "deep enough" in enough sets (i.e., d(x, X \ U ) is large enough in enough sets) then we get property A. The idea behind the definition above is to try to take this idea to the extreme and find a very weak notion of each point x being "deep enough". The above definition might not seem very enlightening -a cleaner and maybe more intuitive version is given in theorem 3.2 below.
Theorem 2.7. Let (X, d) be a discrete metric space with bounded geometry. If X has asymptotically large depth then it has property A.
Proof. We shall construct a family of functions {a x k ∈ l 1 (X)} x∈X as in the definition of property A stated above. For k ∈ N, choose x U ∈ U for every U ∈ U k and denote δ U = δ xU ∈ l 1 (X). Define a x k : X → l 1 (X) as following:
First, we'll show that we can take S k to be the uniform bound on the diameter of the sets in U k . Indeed, if x / ∈ U , then d(x, X\U ) = 0 and therefore e
−1 = e 0 − 1 = 0. This yields that a x k is supported on the set
Second, for any R > 0 and any x, y ∈ X with d(x, y) < R we have that
Therefore, by symmetry, we get that
Without loss of generality, we can assume
, and therefore
Notice that
Therefore we get
where the last inequality is due to the condition in the definition of asymptotically large depth. The computation above yields that for every k and every R > 0 we have that
Recall that lim f (k) = ∞ and therefore for every R > 0, we have that
which finishes the proof.
Equivalent definitions
Theorem 3.1. Let (X, d) a metric space. The following are equivalent:
1. X has asymptotically large depth.
2. X has a sequence of covers {U k } k∈N , such that:
(a) For each k, U k is uniformly bounded and locally finite.
(b) There is ε > 0 and a sequence {c k } k∈N with c k > 1, ∀k and lim c k = 1 such that for every k
3. There is ε > 0 such that for any number c > 1, X has a cover U(c), such that:
(a) U(c) is uniformly bounded and locally finite.
4. X has a sequence of covers {U k } k∈N , such that:
5. X has a sequence of covers {U k } k∈N , such that:
(b) There is a sequence {c k } k∈N with c k > 1, ∀k and lim c k = 1 such that
6. For any k > 0 and any c > 1, X has a cover U(c, k), such that:
(a) U(c, k) is uniformly bounded and locally finite.
(2) ⇒ (3): Take ε > 0 to be the same as in (2). Let c > 1 and let {c k } k∈N be the sequence in (2). Since lim c k = 1, there is some k 0 such that c > c k0 . Take U(c) = U k0 and finish by
(3) ⇒ (1): Take ε > 0 to be the same as in (3). For every k ∈ N, take (1) ⇒ (4): Take {U k } k∈N as in (1) and f ′ (k) = f (k). For x ∈ X denote:
Since for every x we have by assumption
we get that A(x) is not empty. For any x ∈ X we have that:
Since this is true for any x ∈ X, we get that
and since lim f (k) = ∞, we get
Recall that a monotone increasing function g : R ≥0 → R + is said to have subexponential growth if for every b > 1, Theorem 3.2. Let (X, d) be a metric space. X has asymptotically large depth if and only if there is a monotone increasing function g : R ≥0 → R + with subexponential growth and a sequence of covers {U k } k∈N of X such that:
2.
Proof. Assume that X has asymptotically large depth, then by (5) in theorem 3.1 we have that X has a sequence of covers {U k } k∈N , such that:
2. There is a sequence {c k } k∈N with c k > 1, ∀k and lim c k = 1 such that
Denote by S k the bound of the diameters of the sets in U k . Notice that for every U ∈ U k and for every x ∈ X we have
we get that lim S k = ∞. By passing to a subsequence we can assume that {S k } k∈N is strictly monotone increasing and that {c k } k∈N is monotone decreasing. Define
is monotone increasing and since {c k } is monotone decreasing we have that:
there is k such that b > c k and therefore for every t ≥ S k−1 we have
and therefore, lim t→∞ g(t) b t = 0. Notice that for every k we have
(again, we use the fact that for every U ∈ U k and for every x ∈ X we have
In the other direction, assume that there is a monotone increasing function g : R ≥0 → R + with subexponential growth and a sequence of covers {U k } k∈N of X such that:
Note that by the above condition, we have that lim t→∞ g(t) = ∞. Let {T k } be a monotone increasing sequence such that lim T k = ∞ and such that for every k, we have
By passing to a subsequence of {U k } k∈N , we can assume that for every k, we have
Note that
Since lim g(T k ) = ∞ we get that
so we are done by (5) in theorem 3.1.
Connection with asymptotic dimension growth
Recall that given a metric space (X, d) and a cover U of X, λ > 0 is called a Lebesgue number of U if for every A ⊂ X with diam(A) ≤ λ there is U ∈ U such that A ⊂ U . Denote by L(U) the largest Lebesgue number of U. Denote further the multiplicity of U as
In [Dra06] the asymptotic dimension function was defined as:
ad X (λ) = min{m(U) : U is a uniformally bounded cover of X such that L(U) ≥ λ}−1.
A space X has subexponential dimension growth if ad X (λ) grows subexponentially.
Proposition 4.1. If X has subexponential dimension growth, then X has asymptotically large depth.
Proof. We assume without loss of generality that X is unbounded. We'll use the definition given in theorem 3.2 to prove that X has asymptotically large depth. Take g(t) = t(ad X (2t) + 1), since X has subexponential dimension growth we get that g(t) is monotone increasing and grows subexponentially. For every
This implies that for every x ∈ X we have:
and we are done.
Corollary 4.2. Let X be a discrete metric space of bounded geometry. If X has sub exponential dimension growth, then X has property A.
Proof. Combine the above proposition with theorem 2.7.
Remark 4.3. The above corollary was already proven in [Oza12] using a different averaging method.
Invariance under Quasi-isometry
First let us recall the following definitions and facts about coarse maps and quasi-isometries.
Definition 5.1. Let φ : X → Y a map of metric space. φ is called effectively proper, if for every R > 0 there is S(R) > 0 such that for every x ∈ X, φ −1 (B(f (x), R)) ⊆ B(x, S(R)). φ is called bornologous if there is a map ρ : R ≥0 → R ≥0 such that for every x, x ′ ∈ X the following holds:
φ is called a coarse embedding if it is both effectively proper and bornologous. φ is called large scale Lipschitz if there are constants A ≥ 1, C ≥ 0 such that for every x, x ′ ∈ X the following holds:
φ is called a quasi-isometric embedding if there are constants A ≥ 1, C ≥ 0 such that for every x, x ′ ∈ X the following holds:
X and Y are said to be quasi-isometric if there are quasi-isometric embeddings
Lemma 5.2. Let X be a length space and Y be any metric space. Then φ : X → Y is bornologous if and only if it is large scale Lipschitz.
Proof. See lemma 1.10 in [Roe03] .
Lemma 5.3 (Milnor-Schwarz lemma). Let X be a proper geodesic metric space and let Γ be group acting by isometries on X such that the action is cocompact and proper, then Γ is finitely generated and quasi-isometric (with respect to the word metric) to X.
Next, we'll show the following:
Proposition 5.4. Let X, Y metric spaces and φ : X → Y that is effectively proper and large scale Lipschitz. If Y has asymptotically large depth then X has asymptotically large depth.
Denote now g X (t) = g Y (At + C). g X is monotone increasing as a composition of monotone increasing functions and for every b > 1, we have
and therefore g X (t) has subexponential growth. To finish, notice that by the above observations, φ −1 (U k ) is uniformly bounded and locally finite for each k and
The above proposition has the following corollaries:
Corollary 5.5. Let X, Y metric spaces and φ : X → Y a quasi-isometric embedding. If Y has asymptotically large depth then X has asymptotically large depth.
Proof. Obvious.
From this corollary we get:
Corollary 5.6. Asymptotically large depth is a quasi-isometry invariant, i.e., if X and Y are quasi-isometric then X has asymptotically large depth if and only if Y has asymptotically large depth.
Combine the above corollary with lemma 5.3 to get:
Corollary 5.7. Let X be a proper geodesic metric space and let Γ be group acting by isometries on X such that the action is cocompact and proper, then Γ has asymptotically large depth if and only if X has asymptotically large depth.
Also, by using lemma 5.2 and the above proposition, we get:
Corollary 5.8. Let X, Y metric spaces such that X is a length space and let φ : X → Y be a coarse map. If Y has asymptotically large depth, then X has asymptotically large depth.
